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Radiative transfer theory has mirrored many of the trends in the development of applied mathematics
during the past century. It began with the development of the phenomenological equation of transfer
at the start of the century, designed to treat the passage of light through foggy opaque atmospheres.
By the mid-1940s, the theory provided detailed modeling of stellar and planetary atmospheres and
subsequently transformed into the remote sensing problem of remote diagnoses of physical conditions
and abundances in such environments. During the late 1940s, the need to treat neutron transfer in
complex geometries led to an interest in applying these methods to nuclear reactors, using methods of
invariant imbedding. Monte Carlo simulations, and integral equations, all areas of continuing study.
The formative period, mainly analytic in thrust, ended by the mid-1960s with the comprehensive
treatises by Chandrasekhar, Ambartsumian, Kourganoff, Busbridge, Sobolev, and Davison and the
11th AMS Applied Mathematics Symposium on nuclear reactors. Invariant imbedding and doubling
methods have been widely developed for scattering problems, mainly in planetary atmospheres and
nebular transfer, while improvements in computational methods over the past 30 years have introduced
advances in multidimensional, multigroup transfer codes for neutron physics (Boltzmann equation
solvers), neutrinos, and significant advances in radiative transfer and the growth of the field of radiation
hydrodynamics. C© 2002 Elsevier Science (USA)
1 I thank my friend and colleague at IUSB, Michael Kinyon, for many exciting discussions and clarifications
of matters mathematical and for his meticulous scientific critique of the draft. My deep thanks also to Lys Ann
Shore, who by her careful editorial judgment significantly improved this paper, and to Rolf Schimmrigk for
providing a German translation of the abstract on very short notice. A portion of this work was written while I
held visiting appointments at the Osservatorio Astrofisico di Arcetri and I thank the staff for their hospitality and
use of their superb library resources. I also thank Eugene Avrett, Tom Bolton, Peter Hauschildt, Rolf Kudritzki,
and Thierry Lanz for valuable discussions and John Heilbron for comments on the draft. I reserve special thanks
for Ivan Hubeny, who provided critical comments on this paper and many years of enlightening collaboration
on astrophysical problems, and Dimitri Mihalas, Jason Aufdenberg, Paul Charbonneau, Glenn Wahlgren, and an
anonymous referee and the editor, Craig Fraser, for encouragement and critical comments on the manuscript. Ivan
also made me aware of the existence of published proceedings for the Armenian conference on invariant imbedding
and generously provided a copy of several articles on very short notice. This work was supported in part by Indiana
University South Bend and NASA. This paper is dedicated to the memory of Professor John Abrams from whom,
nearly 30 years ago as an astronomy graduate student at U of T, I first learned the riches awaiting in studying the
history of science and mathematics, and Professor Johannes Hardorp, then at SUNY Stony Brook, who guided my
introduction to radiative transfer and stellar atmospheres. The first version of this talk was presented at the special
session on the history of applied mathematics of the Joint Meeting of the Canadian Society for the History and
Philosophy of Mathematics and the British Society for the History of Mathematics, 15–17 July 1999 at Victoria
College, University of Toronto. Responses to particular discussions at this meeting are noted in the text.
463
0315-0860/02 $35.00
C© 2002 Elsevier Science (USA)
All rights reserved.
464 STEVEN N. SHORE HMAT 29
Die Theorie des Strahlungstransport reflektiert viele der Stro¨mungen der angewandten Mathematik
des letzten Jahrhunderts wieder. Es begann am Anfang des 20sten Jahrhunderts mit der Entwicklung
der pha¨nomenologischen Transportgleichung, die darauf abzielte den Durchgang von Licht duch eine
nebelig undurchla¨ssige Atmospha¨re zu beschreiben. Mitte der 1940er Jahre erlaubte die Theorie detail-
liertes modellieren sowohl von Sternatmospha¨ren als auch von planetaren Atmospha¨ren, und entwick-
elte sich in der Folge in ein diagnostisches Werkzeug das es ermo¨glichte physikalische Bedingungen
und Elementeverteilungen in solchen Situationen zu analysieren. Gegen Ende der 1940er erweckte
die Notwendigkeit Neutronentransport in komplizierten Geometrien zu behandeln Interesse an der
Anwendung dieser Methoden in Kernreaktoren, insbesondere mittels der Techniken der invarianten
Einbettung. Monte Carlo Simulationen und Integralgleichungen, allesamt Gebiete denen fortwa¨hrende
Aufmerksamkeit gewidmet wurde. Die formgebende Periode, die hauptsa¨chlich analytischer Natur
war, ging Mitte der 1960er zu Ende, einerseits mit den umfassenden Monographien von Chandrasekar,
Ambartsumian, Kourganoff, Busbridge, Sobolev, und Davison, und andererseits mit dem 11ten AMS
Symposium u¨ber Angewandte Mathematik im Kontext von Kernreaktoren. Sowohl Methoden der in-
varianten Einbettung als auch Verdopplungsmethoden wurden weiter entwickelt, insbesondere fu¨r Stre-
uprobleme hauptsa¨chlich in Planetenatmospha¨ren und Transport in Nebeln, wa¨hrend Verbesserungen in
numerischen Methoden in den letzten 30 Jahren nicht nur zu Fortschritten in ho¨herdimensionalen, multi-
gruppen Transportprogrammen fu¨r Neutronenphysik (Boltzmann Gleichung) und Neutrinos gefu¨hrt
haben, sondern auch zu entscheidendem Fortschritt beim Strahlungstransportproblem und zur Entwick-
lung des Feldes der Strahlungshydrodynamik. C© 2002 Elsevier Science (USA)
MSC 1991 subject classifications: 01A60; 80A20; 85-03; 85A25.
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1. INTRODUCTION
The basic problem of modeling how light traverses an absorbing and scattering medium
has a long and complex history. Beginning with the simplest questions about the extinction
of sunlight in the atmosphere and the color and polarization of the daytime sky, the theory
developed during the past 100 years into a rich field of mathematical physics. In this paper,
I will briefly survey the development of various techniques for treating the transfer of
light through an absorbing and scattering medium with an emphasis on how techniques for
treating photons have been adapted by other fields for specific transport issues, in particular
the transfer of neutrons in nuclear reactors.
Radiative transfer theory deals with two large, contrasting problems, direct and indirect
modeling. In the direct problem, one seeks to determine at all points in space and time
the energy density and flux of the transferred particle (photons, neutrons, etc.) when the
distributions of sources and sinks are completely specified. This is important for applications
such as the intensity of light in the atmosphere and ocean, given the input of light from the
Sun and the complete specification of the composition and physical state of the medium. In
its linearized form, the direct problem leaves the medium unchanged but asks the critical
question of how the transfer equation, acting essentially as a conservation equation, predicts
the passage through the medium of the test particle. This is also the fundamental problem of
nuclear reactor theory: once the distribution of neutron sources and absorbers and scatterers
is specified and the reactor geometry fixed, the approach to a critical neutron state for a
fission reactor can be computed.
The indirect problem is more closely related to remote sensing. Given the emergent
spectrum of light from a medium, is it possible to deduce the physical state of the medium?
This is an inverse problem, and a very hard one that only became a part of transfer theory in
the 1930s (cf. the historical discussion in Unso¨ld 1955) in the context of the abundances of
elements in stellar atmospheres. Although the tool for comparing model results is in both
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cases the spectrum emerging from the medium, auxiliary equations related to the physical
state of the medium must be used for the inverse problem. In general, the indirect problem
requires a supplementary equation for the structure of the medium, usually the dynamical
or hydrostatic equation, which is solved simultaneously with the radiative transfer equation
subject to the constraint of energy conservation (see Section 3).
In spite of many review articles and monographs on special aspects of the theory, this
major area of astrophysical and planetary science research has received very little attention
from historians. Three important compilations of reprints (by Kattawar (1991), Menzel
(1966), and Volume 2 of Chandrasekhar’s collected papers, Chandrasekhar (1989b)) and the
Armenian conference on the 40th anniversary of the principle of invariance (Mnatsakanian
and Pickichian 1989) present many fundamental sources, but the historical perspective in
a larger context has yet to be written (the notable exceptions are Chandrasekhar’s (1947)
Gibbs Lecture and the bibliographic notes to his 1950 treatise Radiative Transfer).2 What
one usually finds are synopses by the practitioners that are just what you might expect from
scientists—claiming territory by establishing the failure of precedent.
2. THE TRANSFER EQUATION
Two physical observations suffice to explain the continuing historical interest in the
problem of the passage of light through a gaseous medium. As early as the 16th century,
Leonardo da Vinci noted in his treatise on painting that distant objects appear progressively
bluer. In the 18th century, Bourguer (see Knowles Middleton 1961) attempted a treatment
of this effect as a scattering problem. By the 19th century, it had taken a central place with
Lord Rayleigh’s study of the color and polarization of the daytime sky due to scattering
of incident sunlight (Rayleigh 1871; Young 1982). The interested reader is directed to the
brief but rich review by Knowles Middleton (1960) for the prehistory of the subject.
Arthur Schuster (1905) can be credited with the first realistic formulation of the basic
transfer problem for a scattering medium.3 As one might expect from a British urbanite
(Manchester) at the turn of the century—used to seeing the Sun through an industrial
haze—he formulated the problem as the mean intensity (brightness) of a source externally
illuminating a scattering plane parallel medium.
Consider a pencil beam with intensity I , defined as the amount of energy passing per
unit time dt through an area d A subtending a solid angle d, the same units as surface
brightness. In his initial formulation of the scattering problem, Schuster made two further
simplifications. The absorption and scattering properties of the medium were independent of
frequency and isotropic, and any radiation from outside the medium was treated as strictly in
normal incidence. Thus, the transfer equation reduced to a one-dimensional linear problem.
If κ is the mass-dependent absorption coefficient and s is the scattering coefficient, the
2 I offer as another example the book by Wali (1991). Despite a long quote from Chandrasekhar in which he
refers to his work on radiative transfer as the most satisfying of his life, a sentiment he echoed in 1981 when I had
a chance to ask him several detailed questions about this subject, there is no discussion of any details in the entire
biography!
3 The prehistory of the transfer problem includes the investigation of the passage of light through a milky liquid
by Chwolson in 1889 (see Kattawar 1991). In a sense, the origins of the subject can be placed even earlier with
the derivation by Boltzmann of the transport equation that bears his name, which was made the explicit physical
basis of radiative transfer only relatively recently by Mihalas and Mihalas (1984) and Oxenius (1986). Multigroup
methods, widely used for neutron and neutrino transport, ultimately derive from the Boltzmann equation.
466 STEVEN N. SHORE HMAT 29
amount of light removed from the beam is d I = −(κ + s)I dx , where x is the pathlength
through the medium.4 On the other hand, an amount of energy, jdx , can be added to the beam
by the medium itself by intrinsic emission or by scattering. Schuster explicitly treated two
separate sources. For intrinsic emission he assumed a blackbody resulting from radiation
in thermal equilibrium, B. For scattering, he assumed a fraction s/2 of the radiation is
sent equally in the forward and backward direction. This approximation, therefore, divides
the radiation into two beams, one traveling upward, I+, and the other downward, I−, and
assumes that the emissivity of the medium is the same for both directions. The equation of
transfer then appears as two coupled equations,
d I +
dx
= κ(B − I+) + 12 s(I− − I+),
d I −
dx
= κ(I− − B) + 12 s(I− − I+), (1)
which reduce to a single second order equation for the integrated intensity, which I will
somewhat anachronistically define as J = 12 (I+ + I−):
d2 J
dx2
= κ(κ + s)(J − B).
Schuster simplified the problem still more by assuming that B(x) is linear—a reasonable
choice for a nearly transparent medium but one that cannot treat the very opaque problem—
so that
J = B + K e(κ+s)αx + K1e−(κ+s)αx ,
where K , K1 are constants fixed by the boundary conditions and α = [κ/(κ + s)]1/2. This
solution was already well known and almost trivial. The new feature was the explicit solution
for κ = 0, a purely scattering atmosphere,
R = F
1 + sx/2
for the radiation leaving the atmosphere. In his concluding section, discussing astrophysical
applications of the theory, Schuster pointed out that a scattering layer can also produce
emission lines and that the gas did not require a positive (increasing outward) temperature
gradient.5 The most severe restriction in this version of the problem is the constancy of κ
and s–that is, the restriction of the problem to the homogeneous case.
Schuster’s paper was tremendously influential, perhaps because of its extremely simple
mathematics. The two-stream equation, Eq. (1), recurs in the astrophysics literature many
times after 1905. Karl Schwarzschild (1906, 1914), Arthur Eddington (1916), and James
Jeans (1917) all took this approximation as their starting point. For example, Eddington
(1916) explicitly included the temperature dependence of the frequency integrated Planck
function in the formal solution, but otherwise the equations are identical.6
4 Schuster’s notation, E , can be confused here with energy and will be avoided.
5 Here he was emphasizing the violation of Kirchoff’s law of emission for a gas that is not in thermal equilibrium.
6 As late as 1926, Eddington remained perplexed regarding the origin of emission lines in stellar spectra.
Although he reluctantly suggested they might arise from arc-like discharges, he also noted the possibility of
extended atmospheres analogous to planetary nebulae. It is curious that Eddington never invoked scattering for
emission line formation even though Schuster had explicitly discussed this in the 1905 paper.
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Schuster’s paper quickly inspired Schwarzschild’s first paper on radiative equilibrium of
a stellar atmosphere, which he defined as “when radiative heat transfer predominates over
heat transfer due to convective mixing” (Schwarzschild 1906). His strongest observational
evidence was drawn from the solar disk, which displays a center-to-limb variation in the
intensity: “With certain plausible assumptions it is possible to deduce the temperature
distribution within the atmosphere from the intensity distribution at the surface.” In this
paper Schwarzschild introduces the optical depth, defined as an opacity-weighted depth in an
absorbing (or scattering) medium. This is especially convenient for the radiative equilibrium
process because the opacity coefficient κ may depend on wavelength and also on geometric
depth in the medium through the temperature, density, and/or pressure gradient. This change
in terminology is important: the coupling of the radiation to the thermal properties of the gas
is included explicitly for the first time, albeit lacking any physical mechanism. The optical
depth measures the distance a pencil beam goes through a medium before an interaction
occurs,
τ (x) =
∫ x
0
κρ dz (2)
assuming the observations are made outside the medium of mass density ρ looking down
to a geometric depth x . In this variable, the equation of transfer becomes
µ
d I
dτ
= I − S, (3)
where S ≡ j/κ . The function S is now called the source function, although Schwarzschild
never uses this term.7 It represents the contributions of both intrinsic (thermal and nonther-
mal) emission and scattering to the beam. Generalizing to a beam seen at an arbitrary angle
through a plane parallel medium, Schwarzschild (1914) went on to derive the formal solu-
tion to the transfer equation. He envisioned a fully two-dimensional, albeit geometrically
thin, region in which the pathlength dx = sec θdz = dz/µ (in other words, µ ≡ cos θ =
nˆ · ˆζ , for the unit normal to the surface nˆ and unit vector in the line of sight ˆζ ). Although the
introduction of this form for the transfer equation does not seem to create any great com-
plication, its consequences are profound. First, we find the formal solution to the equation
as
I+(τ, µ) =
∫ ∞
τ
S(t)e−(t−τ )/µ dt
µ (4)
I−(τ, µ) =
∫ τ
0
S(t)e−(τ−t)/µ dt
µ
,
7 In response to a question from Ivan Hubeny, I have tried to find the first use of this term. It appears to have
originated as a generalization representation of the emissivity only after E. A. Milne’s (1930) review. Rosseland
(1936) uses only the thermal (Planck) function, although by the 1940s the term was commonplace in all radiative
transfer literature. Unso¨ld consistently used eingleis, “influx,” for this function and seems to be the first to introduce
a separate term for it around the mid-1930s. Schuster’s notation can be found in the earliest paper on thermal
radiation laws by Kirchhoff, where the same symbol, E , is employed. See Meadows (1970) for historical contaxt
and reprints of the relevant papers.
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assuming no incident flux at τ = 0. For scattering, the source function is given by
the fraction p(µ, µ′; φ, φ′) of light at a depth τ in a direction (µ′, φ′) that scatters into
the observer’s direction (µ, φ). Thus, suppressing the azimuthal dependence, we obtain
Ssca = 12
∫ 1
−1
dµ′p(µ, µ′)I (τ, µ′) = s
2
∫ 1
−1
dµ′ I (τ, µ′). (5)
It therefore follows that the formal solution to the transfer equation can be integrated over
angle to obtain a closed form solution for the source function, but I will postpone discussion
of this until after discussion of the introduction of moment techniques for the solution of
the transfer equation.
3. MOMENT METHODS
Much of the formal work on the transfer equation was driven by an observational fact:
stars are point sources to groundbased observers. Thus, although the equation of transfer
includes the curvature of the atmosphere and can account for off-axis viewing, all this gets
averaged out by the tiny solid angle subtended by even the nearest stellar surface (except
the Sun). In realizing this, Eddington (1926) introduced the idea of moments of the transfer
equation as a means of obtaining angle-averaged, yet physically meaningful quantities.
First, he argued that in the optically thick limit, the radiation should be locally isotropic.
In other words, the mean intensity should be the only physically meaningful quantity.
Directionality of the radiative losses becomes more marked as the boundary is approached,
so in a semi-infinite atmosphere, the source function for the radiation should approach the
mean intensity with depth. In a plane parallel medium, the transfer equation admits a set of
moments,
Mn ≡ 14π
∫ 2π
0
dφ
∫ 1
−1
dµµn I (τ, µ, φ), (6)
which, for an isotropic medium, become J = 12
∫ 1
−1 I dµ for the mean intensity, H =
2
∫ 1
−1 µI dµ for a flux-like quantity, and K = 12
∫ 1
−1 µ
2 I dµ for a quantity that represents the
radiation pressure. Typical of many moment problems, the radiative transfer equation suf-
fers from a need for some, possibly ad hoc, closure condition. Mathematically there is
no specific guide to how to choose this, and the equations can be made quite general by
continuing the moments past n = 2. However, for an isotropic medium. Eddington (1926)
introduced the limit K/J = 1/3, which has become known as the Eddington approximation.
The plane parallel requirement simplifies the problem enormously, since the first moment,
H, is constant for an isotropic source function.
From the formal solution, Eq. (4), can be immediately derived
J (τ ) =
∫ ∞
0
S(t)E1(|t − τ |) dt (7)
for the mean intensity, a form first derived in Schwarzschild (1914). Here En(x) is the
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exponential integral,
En =
∫ ∞
1
e−xy
yn
dy
whose properties have been described in great detail by V. Kourganoff (1952) and
I. Busbridge (1960). The flux, F , is given by8
π F = 2
∫ ∞
τ
S(t)E2(t − τ ) dt − 2
∫ τ
0
S(t)E2(τ − t) dt, (8)
and the second moment becomes
K (τ ) = 1
2
∫ ∞
0
S(t)E3(|t − τ |) dt . (9)
Milne (1930) showed that K is given by
K (τ ) = 1
4
Fτ + K (0) (10)
in the conservative scattering case.
For scattering, light is redirected without being absorbed. Thus the intensity changes in
a given direction only because light is scattered either into or out of the line of sight. In
an opaque, or optically thick, medium, the two rates balance, giving an isotropic radiation
field, so the source function for the light is just the mean intensity, J. Therefore
d H
dτ
= J − S → 0,
(11)
d K
dτ
= 1
4
H,
where J → S as τ → ∞. This leads to a linear approximation for the mean intensity and,
by extension, for the source function:
J = 3
4
H
(
τ + 2
3
)
. (12)
This is the same solution obtained by Schwarzschild. Where Eddington made headway was
in stating that the thermal emission should show the same behavior, and that therefore the
flux can be identified with the local temperature at a depth τ . This is the condition of radiative
equilibrium, the requirement that at depth S → J . For mathematicians, this introduced an
interesting feature to the problem of radiative equilibrium. Since the flux is conserved, the
8 Note that there is a factor of π between the definitions of F and the Eddington flux, H .
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formal requirement for energy conservation becomes:
∫ ∞
0
κν(Jν − Sν) dν = 0, (13)
where the explicit dependence of the quantities on frequency has been reintroduced using
the subscript ν. In subsequent work, Eq. (13) became the basis of all iterative procedures that
force the flux to remain constant by adjusting the temperature gradient through successive
approximations (e.g., Unso¨ld 1955, Mihalas 1970).
Thus, two different observational constraints shaped the development of the theory at this
stage. One was the requirement of reproducing the center-to-limb variation of the intensity
of the Sun, the only resolved stellar surface against which theory can be compared. The other
was the need to compute emergent properties of point sources while correctly accounting
for the spatial structure of the local radiating medium. The advantage of the moment method
was its ability to produce analytic formulae.
4. INTEGRAL EQUATIONS AND RADIATIVE EQUILIBRIUM
Having derived the formal transfer equation. Schwarzschild (1914) had also obtained
a linear integral equation for the source function that permitted a closed solution of the
homogeneous problem of a purely scattering atmosphere. If the medium is not thermally
producing light, the source function, S, is identical to J so that
J (τ ) =
∫ ∞
0
J (t)E1(|t − τ |) dt, (14)
which is usually called the Milne equation (see Milne (1930) for more details). E. Hopf
(1934) introduced the expression
J (τ ) = τ [J (T )]
for this operation.
Norbert Wiener and Hopf (Wiener and Hopf 1931, see also Hopf 1934, Kourganoff 1952,
Busbridge 1960, and Noble 1958 for further details) noted that the formal solution to the
transfer equation is really a Laplace transform of the source function.9 Therefore, Eq. (14)
is a convolution that can be solved using Laplace transforms. Calling j+(s) the Laplace
transform of J in the interval (0, ∞), and j−(s) the transform in (−∞, 0),
j+(s) + j−(s) = s
∫ ∞
0
J (t)e−st dt
∫ ∞
−∞
E1(|t − τ |)e−s(τ−t) dτ,
9 Wiener (1956) mentions the origin of this work with Hopf in his autobiography, where he consistently refers
to it as the Hopf–Wiener equation, as does Masani (1966) when discussing its relation to prediction theory. Wiener
also remarks on its applications to radiative transfer, the work during World War II on nuclear weapons, and its
application to prediction theory. The paper was an outgrowth of work by Hopf in 1928 on the Milne–Schwarzschild
equation.
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which becomes
j+(s) + j−(s) = j+(s)
∫ ∞
−∞
E1(|x |)e−sx dx (15)
(Kourganoff 1952; Noble 1958).
I want to digress for a moment here because the solution was an early application of
operator methods, especially the Laplace transform, and provided a closed form solution
for the scattering problem. Hopf (1934) proceeded as follows. Define the Laplace operator,
Ls , as
Ls{ f (t)} = s
∫ ∞
0
e−st f (t) dt .
This form of the transform is peculiar to radiative transfer because of the 1/µ dependence
of the formal solution, Eq. (4). Using Eq. (14), it also follows that
∫ ∞
0
f (τ )τ {g(t)} dτ =
∫ ∞
0
g(τ )τ { f (t)} dτ. (16)
Now comes the radiative-transfer-specific step. The Schwarzschild–Milne equation is
J (τ ) = τ [J (t)], so calling f (t) = e−st and g = B(t) and substituting into Eq. (16) gives
Lsτ [J ] = 12 s
∫ ∞
1
J (τ )[I1 + I2] dτ,
where we define the integrals
I1 =
∫ ∞
1
e−sτ du
u(s + u) (17)
I2 =
∫ ∞
1
e−uτ du
u(s − u)
∫ ∞
1
e−sτ du
u(s − u) .
To obtain these requires a substitution of the explicit form for the E1(x) function in Eq. (14).
Then using Eq. (14), we see that Ls{τ [J ]} = j(s), where j(s) = Ls{B}. This gives a
nonlinear integral equation for the Laplace transform of the source function,
j(s) = s j(s)
∫ ∞
1
du
u(u2 − s2) +
1
2
s
∫ ∞
1
j(u) du
u2(s − u) , (18)
from which a closed form solution for j(s) can be obtained. The source function, J (τ ), is
then obtained from the one-sided inverse Laplace transform, using the inversion described
above. Having a closed form solution for the transfer equation, however lovely, was not
immediately useful for stellar atmosphere theory, which was then the driving motivation
for much of the research. Not until after interest grew in planetary atmosphere and nuclear
reactor problems did this method see extensive applications.
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5. DISCRETE ORDINATES METHODS
The subsequent development of the moment equations was largely formal, spurred by the
introduction of the discrete ordinates method by S. Chandrasekhar (1944). Here one expands
the intensity in terms of its angular components. In principle, the intensity distribution as a
function of optical depth can be separated into τ -dependent and angular components,
I (τ, µ) =
∞∑
l=0
Al(τ )Pl(µ), (19)
where the coefficients Al depend on optical depth and Pl(µ) are the Legendre polynomials.
This method, first suggested by B. Stro¨mgren,10 was the first approximation to the transfer
equation. The discrete ordinates method assumes instead that the scattering source function
J can be written as
J (τ ) = 1
2
∫ 1
−1
I dµ = 1
2
n∑
j=−n
a j I (τ, µ j ), (20)
where the weights a j are determined from the orthogonality conditions for the Pl(µ) for
critical angles µ j , which are the zeros of Pj (µ) for a finite expansion of order n. The
choice of Gaussian weights is dictated by the form of the integral,
∫ 1
−1 f (x) dx ≈
∑
i ai f (xi ).
Noting that
∫ 1
−1 Pm Pl dµ vanishes for m = l, Chandrasekhar wrote the scattering equation
in terms of the individual coefficients,
µi
d I i
dτ
= Ii − 12
∑
j
a j I j , (21)
and assuming I j = g j exp −kτ , he showed that Eq. (21) reduced to an eigenvalue problem.
First, on substitution, one finds that
gi (1 + µi k) = 12
n∑
j=−n
a j g j .
Noting that the sum over j is now independent of j , and therefore
1
2
∑
j
a j g j = constant,
it follows that
1
2
∑
j
a j
1 + µi k = 1.
10 This is noted by Chandrasekhar (1950); see his comment on p. 69.
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Because of two symmetry conditions—namely that µ j = −µ− j and a j = a− j —the solu-
tion for Eq. (21) becomes
1
2
n∑
j=1
a j
1 − µ2j k2
= 1, (22)
subject to the constraint that ∑nj=1 a j = 1. On substitution, the intensity takes the form
Ii = b(τ + qi (τ )),
where qi would later be called the Hopf function (e.g., Mihalas 1970). The importance of
this solution for the stellar problem was that it provided a simple means for computing
the temperature in a radiatively dominated atmosphere. It still provides the starting point
for numerical models. Continuing, the roots of Eq. (22) are ±kα (α = 1, . . . , n − 1). With
these, Chandrasekhar arrived at a closed form solution for the limb darkening law,
I (0, µ) =
√
3
4
F H (µ),
where the function H (µ) is given by
H (µ) = 1
µ1 · · · µn
∏n
i=1(µ + µi )∏n−1
i=1 (1 + kiµ)
(23)
(see Chandrasekhar 1950). This provides the closed form solution by discrete ordinates for
the scattering problem for a plane parallel medium. The next development came from quite
a different direction and a much more physical motivation.
6. PRINCIPLE OF INVARIANCE AND INVARIANT IMBEDDING
G. G. Stokes (1862) and Rayleigh (1917) discussed the problem of passing light through
a stack of thin plates, and Hermann von Helmholtz (see Minnaert 1941) emphasized the
principle of invariance: the radiation emergent from the top and bottom of an opaque layer
is invariant with respect to the addition of a thin transparent layer on top or bottom. This
was the key observation, in the context of scattering of incident sunlight in a planetary
atmosphere, that led Viktor Ambartsumian (1943, 1944) (see also Ambartsumian (1998)
for translations of other, related papers) and Chandrasekhar (1946) to the invariance prin-
ciple as the basis for radiative transfer. Chandrasekhar (1989a), in reminiscences about the
development of radiative transfer theory, remarks that he became aware of Ambartsumian’s
work only after completing his preliminary papers in the long series On the Radiative Equi-
librium of a Stellar Atmosphere, the numerous parts of which appeared in the Astrophysical
Journal between 1944 and 1950, culminating in the publication of his monograph Radia-
tive Transfer. Working in the Soviet Union, Ambartsumian’s work appeared in the depth
of the Second World War, in 1943, and it was not until the end of the war that the Soviet
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journals were again easily available in the West.11 In the 1943 paper, Ambartsumian states
two principles:
• IA. The laws of diffuse reflection by a semi-infinite plane parallel atmosphere must
be invariant to the addition (or subtraction) of layers of arbitrary thickness to (or from) the
atmosphere.
• IIA. The laws of diffuse reflection by a plane parallel atmosphere of finite optical
thickness, τ1, must be invariant whenever the addition or (subtraction of) layers of arbitrary
thickness to (or from) the atmosphere takes place at τ = 0, provided the symmetric operation
occurs simultaneously at τ = τ1.
In other words, IIA states that the reflection and transmission coefficients for a finite slab
must be such as to conserve photon number for a conservative scattering case; the addition–
subtraction procedure is otherwise invariant with respect to the ordering of the layers. These
axioms were extended by Chandrasekhar (1950) as follows:
• IC. The intensity I (τ1, +µ, φ) in the outward direction at any level τ results from
the reflection of the reduced flux πF exp(−τ/µ0) and the diffuse radiation I (τ − µ′, φ′)
incident on the layer at depth τ by the atmosphere of optical thickness τ1 − τ below τ .
• IIC. The intensity I (τ1, −µ, φ) in the inward direction at any level τ results from
the reflection of the radiation I (τ + µ′, φ′) above the layer at depth τ and the reflection
by this same layer at τ of the diffuse radiation I (τ, µ′, φ′) (0 < µ′ ≤ 1) incident on it from
below.
• IIIC. The diffuse reflection of the incident light by the entire atmosphere is equivalent
to the reflection of part of the atmosphere of optical thickness τ , above the level τ and
the transmission by this same atmosphere of diffuse radiation I (τ, +µ′, φ′) (0 < µ′ ≤ 1),
incident on the layer at depth τ from below.
• IVC. The diffuse transmission of the incident light by the entire atmosphere is
equivalent to the transmission of the reduced incident flux πF exp(−τ/µ0) and the diffuse
radiation I (τ, −µ′, φ′) (0 < µ′ ≤ 1), incident on the layer at depth τ by the atmosphere of
optical thickness τ1 − τ below τ .
To illustrate the theory, let me break with the chronological ordering and introduce a
later development, the technique of invariant imbedding. Richard Bellman and R. Kalaba
(1956) introduced a modified treatment of this problem by allowing the depth, τ , to be a
free variable (see Bellman and Wing 1975). This permitted an easier identification of the
role of the Chandrasekhar principles IIIC and IVC than was possible for Ambartsumian’s
formulation. Consider a finite medium with geometric thickness and a source of radiation
(read also particles) on one side with intensity I1. This is a freely specified function that may
depend on frequency, for instance, or time, or both, or even other variables. Most of all, I0 is
independent of depth in the medium. Now call I1 and I2 the emergent intensities from out the
top or bottom, respectively. Bellman et al. (1958) made the following simplification. Take a
layer of finite thickness and add on top of it a physically (and optically) thin layer. Assume
11 As if to highlight this statement, the overview conference on this subject, Mnatsakanian and Pickichian (1989),
was an observatory publication that was not widely distributed. Ambartsumian’s collected papers appeared only in
Russian and are also not widely available in Western libraries. His 1957 book—an edited volume that fomed the core
for teaching astrophysics in the Soviet Union, for which he contributed the sections on scattering methods—and
Sobolev’s two monographs remain the best sources for the original form of the invariance principle.
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the transmission T and reflection R coefficients are dependent on depth in the medium but
are isotropic. This latter requirement can be dropped without undue complexity (see van de
Hulst (1980) and Goody and Yung (1989) for further discussion). Assume further that the
medium is divided into two sections, one (layer 2) of depth τ and the other (layer 1) a thin
superficial layer of thickness dτ . Then define the intensities I2 = T I0 and I1 = RI0. These
are the completely transmitted and reflected intensities, the values emergent from the two
layers separately. The internal intensities are
I1 = R1 I0 + T1 I4 = RI 0
I2 = T2 I3 + R1 I4 = T I 0 (24)
I3 = T1 I0 + R1 I4
I4 = R2 I3,
where the subscripts refer to the transmission and reflection coefficients in the two layers. To
translate, (T, R)1 = (T, R)(τ ) and (T, R)2 = (T, R)(dτ ) for either coefficient. This system
leads to the following addition laws for the total reflection and transmission coefficients,
R = R1 + R2T
2
1
1 − R1 R2 , T =
T1T2
1 − R1 R2 , (25)
which can also be written as
R(τ − dτ ) = R(τ ) + R(dτ )T (τ )
2
1 − R(τ )R(dτ ) , T (τ + dτ ) =
T (τ )T (dτ )
1 − R(τ )R(dτ ) .
Since R(τ + dτ ) = R(τ ) + R′ dτ and similarly for T , and taking T (dτ ) = 1 − tdτ and
R(dτ ) = rdτ . Bellman et al. differentiated Eq. (25) to obtain the equations for the coeffi-
cients
d R
dτ
= rT 2
(26)
dt
dτ
= T (r R − t),
which they pointed out is a Riccati equation. Notice that the emphasis has now shifted
from the intensities to the rates, a move that both simplifies the formalism and presages
the use of probabilistic methods shortly thereafter.12 The process simplified when R =
1 − T is assumed (for isotropic conservative scattering) and also permits a generalization to
anisotropic scattering (van de Hulst 1980). Bellman et al. (1958) also realized the interesting
semigroup properties of the relations in Eq. (24) which were generalized by G. Hunt and
I. Grant (1969) (see also Van de Hulst 1980; Goody and Yung 1992). To see this, assume
again that the medium is one dimensional. Radiation being reflected from µ to −µ has a
12 Actually, in his review in 1989, Ambartsumian reminds the reader that the algebraic expressions, Eqs. (25),
were included in his 1943 paper.
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coefficient R∗ and from −µ to µ has a reflection coefficient R. The same convention is
used for the transmission coefficients. Then Hunt and Grant showed that
R = R1 + T ∗1 (1 − R2 R∗1 )−1 R2T1
R∗ = R2 + T ∗2 (1 − R∗1 R2)−1 R∗1 T ∗2 (27)
T = R2(1 − R2 R∗1 )−1T1
T ∗ = T ∗1 (1 − R2 R∗1 )−1T ∗2 .
Hunt and Grant’s use of a discretization of the equations greatly simplified the computational
problem by rendering the method entirely algebraic and iterative.13
Now we return to the theory as it developed in the 1940s. Ambartsumian’s (1943) and
Chandrasekhar’s (1947) approach was different in explicitly allowing for the angular depen-
dence of the transmission and reflection coefficients (see also Sobolev 1963, 1975). Here
it is assumed that the atmosphere has a scattering coefficient λ, and a layer with an optical
depth τ produces the redistribution on top of an opaque layer. Radiation is scattered from
a direction µ into a direction µ′ within the added layer either once or twice, and there is
an external source of flux F incident in a direction µ0 at the top of the added layer. Then
the invariance principle for a semi-infinite medium leads to the following equation for the
intensity in a direction µ at a given depth, I (µ, µ0):
(
1
µ
+ 1
µ0
)
I (µ, µ0) = F4µµ0 +
λ
2
∫ 1
−1
I (µ′, µ0) dµ
′
µ0
+ λ
2
∫ 1
−1
I (µ, µ′) dµ
′
µ′
+ λ
∫ 1
−1
I (µ, µ′′)
F
dµ′′
µ′′
∫ 1
−1
I (µ′, µ0) dµ′. (28)
The first term is the scattered incident light, the second and third represent single scattering
events, and the last is the contribution of multiple scattering to the total reflection (these
result from an expansion of the formal solution for multiple scattering to first order in τ ).
Ambartsumian took the invariance principle to imply that if the intensity is written in terms
of an auxilary function, ρ as I (µ, µ0) = Fρ(µ, µ0)µ0, then ρ(ξ, η) = ρ(η, ξ ) for any two
direction cosines ξ and η. This assumption reduces Eq. (28) to
ρ(µ, µ0)(µ + µ0) = (µ)(µ0),
13 After presenting the talk at Toronto from which this paper is derived, I became aware of a review paper by
R. Redheffer (1962) that adds to the complications of a history of invariant imbedding methods. First, he points
out that J. A. McClelland, in 1906, and H. W. Schmidt, in 1907, actually derived the same results for the reflection
and transmission coefficients as Eq. (26). The former was extending the treatment by Stokes (1860–1862) on
reflection from stacks of glass plates, while the latter treated β-ray transmission. Redheffer also cites his own
work on transmission line theory in the late 1940s as the source for the semigroup property of the coefficients R
and T . With the exception of Kattawar’s (1991) edited compilation and Goody and Yung (1989), I have not seen
references to this important work in the astrophysics or atmospheric sciences literature. See also Peraiah (1999)
for a superb and comprehensive review of invariance methods.
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where Ambartsumian defined an auxiliary function  as
(µ) = 1 + 2λµ
∫ 1
0
ρ(µ, µ′) dµ′. (29)
From Eq. (28), he obtained a nonlinear integral equation for :
(µ) = 1 + 2λ
∫ 1
−1
(µ)(µ′)
µ + µ′ dµ
′. (30)
The function we have just derived is the same one arrived at independently by
Chandrasekhar, called H (µ), which is the solution of a nonlinear integral equation. Note
that Chandrasekhar had already obtained H (µ) from the discrete ordinates solution for the
scattering problem, Eq. (23) above. This closed form solution for the scattering problem is
the same as Eq. (18), derived using the Wiener–Hopf method nearly 15 years earlier (Hopf
1934). It was not until the relatively little-known review by Ueno et al. (1970) that the two
techniques, stochastic transfer and invariant imbedding, were finally merged into a single
theory.
The full solution for a finite slab requires introducing two additional functions, the X (µ)
and Y (µ) functions, which were introduced by Chandrasekhar (1947, 1948). They have
become objects of separate study in their own right (e.g., van de Hulst 1980). Here the
purpose is to calculate the values for R(τ ) and T (τ ) for a finite medium by explicitly
invoking principle IIA. These are defined as
X (µ) = 1 + 2µ
∫ 1
0
R(µ′, µ) dµ′
(31)
Y (µ) = e−τ1/µ + µ
∫ 1
0
T (µ′, µ) dµ′.
This gives a pair of nonlinear integral equations for the two functions that are exact for
isotropic scattering. The technique is not as obvious as the so-called adding and doubling
method, introduced by van de Hulst (1948), but gives the same result (see also Hansen
and Travis 1975). The important development here was the ability, through combination of
finite slabs, to treat inhomogeneous media. The next step, to nuclear piles, was obvious and
almost immediate. Chandrasekhar (1950) noted in his preface the application of transfer
theory to neutron diffusion problems, and Kourganoff (1952) explicitly included a brief
section on such problems based on Marshak (1947) and Davison (1947).
7. NEUTRON TRANSPORT THEORY
This brief mention of stochastic methods immediately leads us into the most portentous
practical application of transfer theory—its use in design and analysis of nuclear reactors.
The neutron was discovered in 1932 and was soon exploited as a means for inducing
nuclear reactions by thermal capture. The discovery of nuclear fission followed quickly
(1938) and the theory of neutron transport in a reacting medium was soon begun by Rudolf
478 STEVEN N. SHORE HMAT 29
Peierls in 1939. By the end of the war, the application of radiative transfer techniques to neu-
tron transport was already well established (Placzek and Seidel 1947; Mark 1947; Marshak
1947; summarized in the monograph by Davison 1957) with the integral methods and the
formal solution to the transfer equation dominating. As particles, neutrons had been treated
by the Boltzmann equation, which explicitly accounted for changes in the particle energy
by scattering through detailed balance. This was not as important for photons since most
of the interesting scattering sources (i.e., molecular (Rayleigh), electron (Thomson), and
particulate (Mie)) may depend on energy but leave the photon energy otherwise unaltered.
The closest radiative analog to the neutron problem is Compton scattering, which was first
attacked around 1950 and spawned a variety of techniques that were more closely aligned
with the Boltzmann approach than the formal radiative transfer methods.
It is interesting to note that although the theory was well developed in several monographs
and many research papers, when the 11th AMS applied mathematics symposium was held
in 1959, Garrett Birkhoff and Eugene Wigner could state in their preface that reactor theory
was little studied by mathemticians:
The current era has been described as “the atomic age,” and it seems probable that mankind will depend
increasingly on nuclear energy during the next century. In the design of nuclear reactors, mathematical
analysis plays an important role. Nevertheless, very few research mathematicians have so far devoted
serious effort to the mathematical problems of nuclear reactor theory. The present volume is intended to
increase the number of such mathematicians, by indicating the great variety of interesting mathematical
problems encountered in this fascinating field.
The collection of articles and authors shows that the aim of the meeting was to bring
together people from a broad range of disciplines and through the meeting, to acquaint
the participants with the wide range of methods that were available to study reactors. The
concentration was mainly on transport theory (i.e., invariant imbedding, spectral methods,
multigroup methods, Monte Carlo).14
Discrete ordinate methods found a natural application for reactors because of a geometric
constraint. Most nuclear reactor designs use a cylindrical geometry in which fuel rods are
imbedded in concentric rings in a regular geometry. Stellar and planetary atmospheres are
generally geometrically thin, and curvature effects are usually neglected in all but the most
distended environments, such as giant and supergiant atmospheres. For reactor cores, no
such approximation will suffice and the time dependence is also important. Therefore, the
reactor transfer problem requires the solution of the full transfer equation
∂ψ
∂t
+ µ
r2
∂r2ψ
∂r
+ 1
r
∂[(1 − µ2)ψ]
∂µ
+ σtψ = σs2
∫ 1
−1
ψ(r, µ′) dµ′ + S(r, µ), (32)
where ψ is the angle-dependent neutron flux, S is the source term for neutrons, and σt
and σs are the absorption and scattering cross sections, respectively. For most of the cen-
tury before World War II, stars and planets had been treated as steady state plane parallel
14 For the historian, the most important article is surely that by Wigner on Mathematical Problems of Nuclear
Reactor Theory, which presents the same sort of overview that Hilbert’s famous “problems in mathematics” lecture
did at the beginning the 20th century. Almost every active area of nuclear engineering and transport theory can
be traced back to this paper. It is interesting to note Wigner’s familiarity with the then-current developments in
radiative transfer methods, especially multiple scattering problems.
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atmospheres, assuming that radiative equilibrium dominated and the medium remained in
thermal equilibrium. Reactors posed a different problem and required a more complete
formalism, including the time dependence, because of the need to know what happens to
the neutron density in the core when control rods are removed or shielding fails.
Invariant imbedding methods were quickly adoped for reactor problems. In the first
application paper of their series in the Proceedings of the National Academy of Science
(USA), Bellman et al. (1957) chose neutron multiplication, rather than radiative transport,
as their subject. The first detailed review of the method by Bellman et al. (1958) also
concentrated on fission problems rather than radiative transfer, and there are two reviews (by
Bellaman and Wing) in the AMS symposium on the method.15 The generalized anisotropic
scattering formalism is especially useful for neutron transport, since the scattering phase
function can be directly measured in the laboratory and the forward and backward scattering
amplitudes can be explicitly calculated.
8. PROBABILISTIC TREATMENTS
In light of the discussion up to this point, especially the survey of invariant imbedding, it
may seem surprising that applications of stochastic methods to the radiative transfer problem
did not appear until well after World War II. After all, the derivation of the physical meaning
of the absorption and emission coefficients had been accomplished by Einstein in his 1907
paper on transition probabilities and light quanta. It should be noted, however, that the prob-
lems considered did not really require such methods, in particular the treatment of complex
or inhomogeneous media. The integral equation methods were sufficient to provide the re-
qisite models for stellar atmospheres, but due to their more complicated physical properties,
planetary atmospheres cannot be easily treated with the same moment-related methods. A
related transfer problem, the passage of cosmic rays through the Earth’s atmosphere, deve-
loped in the 1950s in response to increasing interest in high-energy phenomena. Unable to
reach GeV or higher energies in terrestrial laboratories, particle investigators relied heavily
on observations of cosmic rays from balloon-borne detectors. Some of the first stochas-
tic transport studies were done in an effort to understand particle trajectories within the
detectors (which consisted of stacked photographic plates or film separated by shielding)
and through the atmosphere (Arley 1943).16 Surprisingly, path integral methods, originally
developed by Feynman from physical considerations and mathematically explored by Kac,
do not seem to have been introduced into the transfer arsenal before Tessendorf (1987).
The most important mathematical innovation for reactor problems was the invention of
Monte Carlo methods during World War II (Bauer 1958, Richtmeyer 1960, Berger 1963; see
Hammersley and Handscomb (1965) for a biliography of the early work on this problem and
Galison (1996; 1997, esp. Chap. 8) for a discussion of early work on computer modeling).
This permitted the treatment of very complicated geometries and simplified the handling of
energy dependent transport in which the neutron energies are altered by interactions. The
problem, however, was always posed in terms of the Boltzmann equation rather than the
15 The AMS symposium is in striking contrast to the next one on transport theory, Bellman et al. (1967), which
deals far less explicitly with nuclear power applications and focuses more on the mathematical methods.
16 For a good review of the historical and sociological background to the early work on cosmic ray physics see
Galison (1989).
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transfer equation with scattering. It was quickly generalized to treat atmospheric problems
as well, in particular the influence of clouds imbedded in haze.17
The principle of detailed balance distinguishes the stochastic treatment from the more
traditional approaches to mathematical radiative transfer. This supplies the rules for state
transitions for the particles and permits an explicit derivation of the transfer equation in a
form that translates easily into the Monte Carlo formalism. Consider a two state system,
l and u > l, with the intensity of radiation Iν at frequency ν. Then the absorption term
−κρ Iν dx can be written as −Plunl Iν dx , and the emission term jρdx becomes Pulnu dx
with Pi j being the transition probability and n(u,l) being the population of the (u, l) state. In
addition, introducing the escape probability formalism, a method championed by Sobolev
and the Leningrad school (see Section 10, below), the kernel, exp −τ/µ, is called the escape
probability for the photons from depth τ (see Sobolev 1963). This insight, when combined
with the Monte Carlo approach, gives a straightforward way of connecting stochastic transfer
with the integral equations. Therefore, for a random number  , the emitted photon travels
a distance τ = −µ ln  before being scattered through an angle determined by the phase
function p(µ, µ0). More recently, these techniques have been applied to the transfer of
light in the atmosphere, in particular by Titov (1990), and to interstellar clouds, by Boisse´
(1990).18
Ueno (1957) extended Sobolev’s methods to the solution of the Milne problem for a
semi-infinite atmosphere with incoherent isotropic scattering. He assumed that the direction
cosine, µ, is a random variable in depth τ and has a probability distribution p(µ; τ ). Calling
p(µ2 | µ1; τ1, τ2) dµ2 the transition probability of finding µ(τ1) = µ1 and µ(τ2) in the range
(µ2, µ2 + dµ2), he found
p(µ; τ ) =
∫ 1
0
dµ′ p(µ′; τ − t)p(µ | µ′; t) (33)
for 0 ≤ τ ≤ t , which takes the form of a Kolmogorov–Chapman equation. He derived from
the principle of invariance: by purely stochastic arguments the fundamental result
I (0, µ) =
√
3
4
FH (µ), (34)
which had previously been obtained by Ambartsumian and Chandrasekhar (see
Chandrasekhar (1950)).
A major step in the advancement of Monte Carlo simulations was the development of
efficient algorithms for generating pseudo-random numbers. The crowning achievement
was the publication by RAND of the first table explicitly designed for simulations (RAND
Corp. 1956). In addition, regular series began to appear specifically focused on Monte
Carlo simulations and reactor problems, such as Meyer (1956) and the series Progress
17 More recently, Greenler (1983) has been one of the leaders in treating atmospheric optical phenomena using
Monte Carlo methods, for instance the formation of halos from a variety of ice crystals.
18 Although it is beyond the scope of this paper, I should mention that V. V. Sobolev and later workers extended
this treatment to line formation in mass outflows from stars, an area that has become a virtual industry in the past
decade (see Mihalas and Mihalas (1984) for a comprehensive introduction).
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in Nuclear Energy, which started in 1955 (published by Pergamon). Finally, the broad
applications of Monte Carlo methods were shown in the several times revised RAND report
by Herman Kahn, Applications of Monte Carlo (RAND Corp. AECU-3259, published in
1954 and revised in 1956); see Ralston and Wilf (1960) for many useful pointers to the
earlier literature, especially Kahn’s articles in this collection.
By the mid-1960s, separation had become virtually complete between those whose
approach was analytic and the simulation community. The most complete textbook on
Monte Carlo methods from this period (Spanier and Gelbard 1969) actually makes no
reference to invariant imbedding or discrete ordinates, concentrating exclusively on the
neutron transport problem as required for reactor design. After a long introduction to
the theory of conditioned sampling and pseudo-random-number generation (about 1/3
of the book, not an unusual fraction by this time), the authors recapitulate many of the
analytic methods without attribution but specialized to treating nuclear reactor design
problems.
9. PATRONAGE
Military applications of transfer theory abound, and both the U.S. Air Force and Navy
have played key roles as funding agencies for much of the work in the past 50 years.
Many studies during the years 1945–1975 were supported by the Air Force. Bellman’s
and Kalaba’s work, carried out at RAND, was funded by the Office of Naval Research
(ONR) and the Air Force. A quick look at many papers in the Astrophysical Journal and
Physical Review in the postwar period documents the interest shown by the Pentagon
in methods for treating such problems. The U.S. Atomic Energy Commission sponsored
much of the published and internal work at the weapons labs, mainly Los Alamos, Oak
Ridge, and Sandia, beginning in the mid-50s. In fact, a survey of the early literature
on neutron problems shows much of it to reside in LANL and Oak Ridge technical
reports (Los Alamos maintained prominence in weapons design while, under Alvin
Weinberg, Oak Ridge concentrated more on reactor design and theory). Military and
AEC support was also in evidence, especially for university computing facilities and re-
search in transfer problems (at New York University, for instance, this has been described
by Reid 1976). Private sponsorship, mainly by General Electric and Westinghouse, fu-
eled some of the theoretical work; these firms were the main producers of nuclear re-
actors for the public sector through the 1970s. Increasingly in the 1960s, NASA played
an important role in funding work on radiative transfer in planetary atmospheres, and
the National Science Foundation (NSF) became increasingly important as ONR funding
wound down.
K. D. Lathrop (1972), in a review of discrete ordinate methods, gives a valuable summary
chart of the lineage of the various codes that were developed at Los Alamos and elsewhere
between 1950 and 1970 to treat the transport problem in nuclear reactors. Perhaps the most
significant aspect of this survey is the tool it provides to trace the agencies and corporations
that supported work on the neutron transport problem. These include General Electric, Gen-
eral Atomic, Gulf General Atomic, Phillips Petroleum Internuclear, Union Carbide, United
Nuclear Corporation, Westinghouse Astronuclear Laboratory, Naval Weapons Evaluation
Facility, and the Department of Energy through Los Alamos, Oak Ridge, Sandia, and
Argonne National Laboratories. As a case in point, it is interesting to examine one work,
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the monograph by Spanier and Gelbard (1969) I mentioned when discussing Monte Carlo
methods. The copyright was assigned to the Atomic Energy Commission. The research
discussed most extensively in the examples was done at Bettis Atomic Power Lab and at
the Naval Reactors Branch of the AEC.19
10. PATTERNS OF PUBLICATION AND SCHOOLS
For much of the past century, papers on radiative transfer theory appeared mainly in
the astrophysics literature, especially the Astrophysical Journal,20 Monthly Notices of the
Royal Astronomical Society, Annales d’Astrophysique, and later Astronomy and Astro-
physics (formed from the merger of many of the national European journals under the
sponsorship of the European Southern Observatory), but some of the other sites for publi-
cation are noteworthy. Interest in interstellar dust and the interstellar medium and galactic
structure in general ran high in Holland, and many papers in scattering theory appeared in
observatory publications there, especially from Leiden. H. C. van de Hulst was the leader in
this work, following his thesis study of Mie scattering properties for interstellar grains in the
1940s, which was exported to the United States and extended to planetary atmospheres, in
part through the thesis by W. M. Irvine and later work (see Irvine (1966) and references
therein; see also the reminiscences by van de Hulst (1995).). Related work was published
in the Harvard Observatory Annals by L. Henyey and J. Greenstein on the phase function
of grains, which has since seen broad application to general particle scattering problems
(especially acrosols).
Many important developments in both the mathematical and physical aspects of trans-
fer theory were connected with the work on nuclear reactor and explosives problems, and
appeared in the least publicly visible part of the literature. Consequently, much of it had
to be rediscovered. The astrophysical community that gave birth to the equation of trans-
fer was often unaware of the developments in this field. Even a cursory survey of the
physics literature reveals considerable parochialism, but here it is worth noting that the
reactor studies show a broader reading of the journals than usual. As late as the 1970s,
papers on nuclear reactor problems still quoted astrophysics and meteorological papers.
After that time, the literature became more inbred, with review articles and monographs
written by engineers isolating the field from its roots. Oddly enough, in the 1980s, the
growth of interest in scattering problems among astronomers dealing with stellar atmo-
spheres and nebulae promoted a wider reading of the nuclear and atmospheric sciences
literature.
19 It is also interesting to note Garrett Birkhoff’s continuing and broad interest in nuclear reactor problems,
much of the work being done in collaboration with scientists at Westinghouse Bettis Atomic Power Division and
supported by the AEC. This work, the detailed examination of which is beyond the scope of this paper, would
make a fascinating study.
20 Chandrasekhar served as editor of this journal throughout the 1960s and certainly fostered the field by
his role, as evinced by the substantial literature thus accumulated. As a National Academy member, he also
communicated most of the RAND group papers to the Proceedings. Interestingly, Bellman and Kalaba (1956)
was communicated by Lyman Spitzer, whose work was rather far removed from the topic—he worked on in-
terstellar medium problems—but who was quite familiar with the dust transport problem and with fission and
fusion research, to which the methods applied. Among nonastrophysical journals, the National Academy of Sci-
ences (U.S.) Proceedings was an unusually important source for developments in this field between 1956 and
1960.
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Work in this area has developed distinct “national flavors.” The theory was brought to
fruition in England by Schuster, Eddington,21 Jeans, and Milne. In an echo of recent work by
Robin Wilson (CSHPM 1999), I should mention that E. C. Titchmarsh played an important
role in promoting work at Oxford on transfer theory, not only with his own work but by
encouraging I. W. Busbridge, who was instrumental in conveying the theory in a system-
atic form to the mathematics community (through her assistance of V. Kourganoff in the
translation of his book for Oxford and in her own contribution to the Cambridge Tracts in
Mathematics and Mathematical Physics). From the 1940s on there has been an abiding in-
terest in radiative transfer theory in the USSR. Soviet theorists in Armenia worked under V.
Ambartsumian (mainly scattering theory published in the Academy of Sciences and Soviet
Astronomy). The Leningrad school, V. V. Sobolev and V. Ivanov, concentrated on formal
mathematical methods (much of which appeared in Sov. Astron. but also in observatory pub-
lications). At the Crimean Observatory, Stepanov and Rachkovskii were mainly interested
in magnetic radiative transfer (much of which appeared in the observatory publications).
Until the late 1960s, virtually no Eastern bloc work appeared in the standard American or
European venues. Consequently, much of this literature remained under-cited by Western
scientists, while the Soviet material developed largely independently and was mainly self-
citing in character. It is also noteworthy that the mathematical tradition was far stronger in
this community. Japanese astrophysicists and atmospheric physicists have made significant
contributions, beginning in the 1950s with a long series of papers by S. Ueno on probabilistic
methods and the principle of invariance and W. Unno’s solution to the transfer equation for a
magnetic stellar atmosphere including the Zeeman effect for the lines. Additional work has
concentrated on atmospheric scattering applications. The availability of a national journal,
the Publications of the Astronomical Society of Japan, Publications of the Meteorological
Society of Japan, and observatory and government publications has supplemented forays
into the Astrophysical Journal, Icarus, and Journal of the Atmospheric Sciences.
The period between 1950 and 1980 also saw the publication of most of the standard math-
ematical treatises on the transfer problem: Hopf (1934), Chandrasekhar (1950), Kourganoff
(1952), Davison (1957), Busbridge (1960), Sobolev (1963, 1975), and Case and Zweifel
(1967). Physical discussions appeared somewhat earlier, included Eddington (1926),
Jeans (1928), Rosseland (1936), Chandrasekhar (1939), Unso¨ld (1955), Woolley and Stibbs
(1953), and Ambartsumian (1957). The works before about 1940 concentrate on the diffu-
sion approximation, which holds in stellar interiors, while the later works treat the optically
thin atmosphere case in more detail and include discussions of spectral line formation
(which has fewer associated classical radiative transfer problems).
After about 1960, stellar atmospheres work shifted to the computation of models and the
solution of the indirect problem, the determination of abundances and physical conditions
from spectroscopic analysis. Coming full circle to its roots, the theoretical development
that spurred this was the Feautrier algorithm (Feautrier 1964) that converted the radiative
transfer equation into a two point boundary value problem—in other words, a return to
the original two-stream formalism of Schuster and Schwarzschild rather than the moment
equation method.22 The work was furthered by the publication of the first comprehensive
21 As a sidelight, Eddington studied physics under Schuster at Manchester from 1898 to 1901; see Douglas
(1957).
22 One of the series of papers on invariant imbedding anticipated some of this development; see Bellman,
Kalaba, and Wing (1960).
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textbook on model atmospheres by Mihalas (1970)23 and the publication of the first widely
distributed stellar atmospheres code, ATLAS, by R. Kurucz in 1970.24 Wider access to
academic computing, as IBM, Univac, and CDC machines became more available through-
out the 1960s, encouraged the expansion of the field and the move away from analytic
calculations in many countries. A number of centers developed in the United States, at
Harvard under O. Gingerich, E. Avrett, and W. Kalkofen, Chicago under Chandrasekhar
and O. Struve, the Joint Institute for Laboratory Astrophysics (JILA) under R. N. Thomas
and J. T. Jeffries, and Indiana under M. Wrubel and H. Johnson. Atmospheric radiative
transfer became a focus for the theoretical group at the Goddard Institute for Space Studies
(GISS) after its relocation to New York City in the early 1960s, especially following a visit
by van de Hulst soon after its founding. Much of the work on the adding-and-doubling tech-
nique and some of the early tables for scattering functions were published there as internal
NASA/GISS reports (for instance, van de Hulst (1963); see also the comprehensive reviews
by Hansen and Travis (1975) and the monograph by van de Hulst (1980)). French work was
concentrated in Paris, mainly the Meudon observatory under J.-C. Pecker and E. Schatzman
(who after the war were responsible for writing the standard series of astrophysics texts
used for several decades in France). In Germany, Kiel was the principal locale, under
A. Unso¨ld and later K. Hunger. In Australia, R. G. Giovanelli, in the late 1950s, and later
C. J. Cannon, D. E. Rees, P. R. Wilson, and their colleagues played fundamental roles in the
development of the numerical techniques that are now essential for treating radiative trans-
fer in spectral lines (Cannon 1985). Of these, only the Meudon, Harvard, and Kiel groups
(augmented by Munich) continue to the present day. Significant computational efforts are
now under way at the weapons labs, Los Alamos and Lawrence Livermore, which have
replaced the RAND Corporation as defense contractors specializing in radiative transfer
problems.
Modern astrophysical work on radiative transfer can be traced back to a series of meet-
ings organized in the 1960s by the Harvard–Smithsonian Astrophysical Observatory (later
the Center for Astrophysics). The emphasis by this time had shifted away from analytic
developments and toward numerical methods. There was, however, a notable exception.
When computing was expensive and required mainframes, a feature of the literature was
the paucity of computational papers from countries in the developing world. Instead, because
of well-developed applied mathematical traditions, Eastern bloc and Indian researchers con-
centrated on developing analytical solutions to various idealized transfer problems, many
of which were published in comparatively low-prestige, expensive journals that (unlike the
American journals) did not require page charges.25
23 The period from 1968 to 1978 was a watershed for monographs on the physics of stellar atmospheres. While
I do not mean to slight any of this work, it is beyond the scope of this paper to present a comprehensive survey of
these developments.
24 The restriction to local thermodynamic equilibrium, essentially a requirement for the source function, in the
ATLAS code was lifted in two widely distributed computer programs developed after 1968, one by L. Auer and
D. Mihalas and the other, TLUSTY, by I. Hubeny.
25 A question from T. H. Kjeldsen’s talk at the CSHPM 1999 meeting has prompted this observation about
patterns of support and research. I am mainly thinking here of Astrophysics and Space Science. Soviet papers
appeared in translation in Soviet Astronomy, an American Institute Physics translation journal, with generally
more than a one year delay from date of publication.
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The obvious application of radiative transfer theory was, and continues to be, the remote
sensing problem of structure and composition of planetary and stellar atmospheres, and these
were important topics in the 1950s and 1960s when the bulk of the theory was developed.
Spacecraft sensing of remote atmospheres during the 1960s and 1970s, in particular Venus,
brought renewed interest in mathematical radiative transfer among atmospheric physicists,
especially in invariant imbedding, adding and doubling methods, and transfer of polarized
radiation. Much of this work was summarized in the standard treatises by van de Hulst
(1980) and Goody and Yung (1989). As physical problems, planetary atmospheres were
often dealt with separately from stars, specifically driven by the differences in jargon and
physical properties of the media. Many important planetary atmospheres papers appeared
in the Journal of the Atmospheric Sciences and the solar system journal Icarus (founded
in 1962 as the first specialized journal by the American Astronomical Society Division of
Planetary Sciences). Some also occasionally appear in the Journal of the Optical Society
of America and Applied Optics, especially for Monte Carlo calculations of atmospheric
optical phenomena. Much of the earlier work on neutron transport appeared in the Physical
Review and related physics journals, but during the 1950s the field of nuclear engineering
became increasingly specialized. Now such work appears mainly in Nuclear Science and
Engineering, although much of it continues to be published only in internal AEC (now
DOE) technical memoranda.
Finally, evidence of the health and expansion of a field is the appearance of specialized
journals, and radiative transfer theory is no exception. The Journal of Quantitative Spec-
troscopy and Radiative Transfer was founded in 1961 and continues to be the main arena
for interdisciplinary work on mathematical radiative transfer. This has recently been joined
by the journal Transport Theory and Statistical Physics. Interestingly, the papers on for-
mal radiative transfer problems that once dominated the astrophysics literature now rarely
appear in the principal journals.
11. CONCLUSIONS
Looking back over nearly a century of research, I hope the reader has formed the im-
pression from this sketch that the theory of radiative transfer appears as one of the most
successful collaborative efforts between physical scientists, engineers, and mathematicians.
Practitioners have been quick to assimilate new mathematical ideas, from nonlinear inte-
gral equations and Laplace transform methods to fractals, in order to treat progressively
more complex physical problems. The subject has now entered a primarily numerical stage
characterized by large-scale simulations and algorithmic developments, especially in the
burgeoning field of radiation hydrodynamics.26 Although military, environmental, and in-
dustrial needs have replaced many of the more traditional applications, there is still a wide
variety of uses for the analytic theory in the traditional areas of astrophysics and atmospheric
science. And as the warp on which the rich tapestry of stellar and planetary atmospheres and
reactor theory has been woven, it stands as a model case for the study of the developments
in applied mathematics in the past 100 years.
26 For completeness, I should mention that many of these developments have been led by L. Auer, P. Hauschildt,
I. Hubeny, D. Hummer, R. Kudritzki, P. Kunacz, L. Lucy, D. Mihalas, G. Rybicki, D. Scharmer, K. Werner, and
their collaborators.
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